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Abstract
We have attempted to build first some simplified model to map the
interaction of quarks and gluons in presence of magnetic field, which can
be constrained by their thermodynamical quantity like entropy density,
obtained from calculation of lattice quantum chromo dynamics. To fulfill
that mapping, we have assumed a parametric temperature and magnetic
field dependent degeneracy factor or fugacity of quarks and gluons. Im-
plementing this QCD interaction in calculation of transport coefficient at
finite magnetic field, we have noticed that magnetic field and interaction
both are two dominating sources, for which the values of transport coeffi-
cients can be reduced. Interestingly, fluidity of quark gluon plasma remain
unaffected by interaction, although magnetic field can have an impact on
it.
1 Introduction
Extremely strong magnetic fields have been known to exist during the elec-
troweak phase transition of the universe as suggested by cosmological models
[1] Large values of magnetic fields are also present in the interior of dense neu-
tron stars called magnetars [2]. Studying quantum field theory in the presence
of magnetic field has led to many interesting observations such as magnetic
catalysis [3], chiral magnetic effect [4], inverse magnetic catalysis [5, 6] and
many more.
In heavy ion collision (HIC) point of view, an approximately m2π − 10m
2
π
magnetic field in RHIC to LHC experiments is expected to produced after col-
lision due to two opposite heavy-ionic currents [7]. Refs. [8, 9, 10] have ad-
dressed a possible space time evolution of electromagnetic fields, produced in
the laboratories of HIC experiments. To describe the expanding tiny medium
of HIC laboratories, magneto hydrodynamic (MHD) is a mostly applicable evo-
lution tool in presence of magnetic field. In this direction, one can be found
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Refs. [11, 12, 13, 14] and references therein. Impact of external magnetic field
through transport simulation can be noticed in Ref. [15]. Dissipative picture
of MHD or transport simulation need a field dependent transport coefficients
inputs and therefore, a parallel microscopic calculation of transport coefficients
in present of magnetic field [16] is an important topic in heavy ion Physics com-
munity. The transport coefficients in presence of magnetic field are recently
investigated in Refs. [17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32,
33, 34, 35, 36, 37, 38], where shear viscosity [17, 18, 19, 20], electrical conductiv-
ity [21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31], bulk viscosity [32, 33, 34, 35, 36] for
light quark sector as well as field impact in heavy quark sector [37, 38] are inves-
tigated. Present article has gone through similar directional investigation, where
two main part, whose sandwich was missing in the earlier references, has been
studied. One is a detail multi-component anatomy of shear viscosity and electri-
cal conductivity of quark gluon plasma in presence of magnetic field and another
is to build a quasi-particle description of thermodynamic, based on recent lattice
quantum chromo dynamics in presence of magnetic field [5, 6]. Without field pic-
ture, we can find a long list of Refs. [39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49] and
references therein, where a temperature dependent QCD interaction is mapped.
However, one can proceed to map temperature and magnetic field dependent
QCD interaction, described by LQCD thermodynamics in Refs. [5, 6]. This is
attempted by present article.
The article is organized as follows. Next in Sec. (2), the mapping of LQCD
thermodynamics in presence of magnetic field has been addressed, where two
different methodologies are classified into two subsections - (2.1) and (2.2). After
developing the quasi particle description, it is applied to estimate transport
coefficients like shear viscosity and electrical conductivity at finite magnetic
field in Sec. (3), whose framework is addressed in Sec. (5) with two subsections
- (5.1) and (5.2). At the end in Sec. (4) we have summarized our investigations.
2 Thermodynamical model by parameterizing LQCD
data for finite magnetic field
2.1 Temperature dependent degeneracy factor
Starting from non-interacting picture of QGP, where quarks and gluons are
in equilibrium and follow Fermi-Dirac (FD) and Bose-Einstein (BE) statistical
distribution. Considering our QGP system, having u, d quarks with mass mu =
0.005 GeV, s quark with mass ms = 0.100 GeV and massless gluons, we can
calculate energy density and pressure of QGP system as
ǫQGP = gg
∫
∞
0
d3p
(2π)3
p
eβp − 1
+ gu
∫
∞
0
d3p
(2π)3
ωu
eβωu + 1
+ gs
∫
∞
0
d3p
(2π)3
ωs
eβωs + 1
(1)
and
PQGP = gg
∫
∞
0
d3p
(2π)3
(p
3
) 1
eβp − 1
+ gu
∫
∞
0
d3p
(2π)3
( p2
3ωu
) 1
eβωu + 1
+ gs
∫
∞
0
d3p
(2π)3
( p2
3ωs
) 1
eβωs + 1
, (2)
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where ωu = {p
2+m2u}
1/2, ωs = {p
2+m2s}
1/2 and gu = 24, gs = 12 and gg = 16
are degeneracy factor u, d quarks, s quark and gluon respectively. Knowing P
and ǫ, one can obtain entropy density from the relation
sQGP =
PQGP + ǫQGP
T
. (3)
Actual values of s for non-interacting QGP with mu = 0.005 GeV and ms =
0.100 GeV will be very close to the analytic expression of Stephan-Boltzmann
(SB) limit (mu,s ≈ 0):
sQGP =
[
gg + (gu + gs)
(7
8
)]4π2
90
T 3 ≈ 20.8 T 3 . (4)
On the other hand, below quark-hadron transition temperature (Tc), hadrons
are the relevant degrees of freedom of the system. If we assume that pion and
Kaon (with masses mπ ≈ 0.140 GeV and mK = 0.500 GeV) as most abundant
mesons, made by u, d and s quarks, one can get entropy density
sHM = gπ
∫
∞
0
d3p
(2π)3
[
ωπ +
~p2
3ωπ
] 1
eβωpi + 1
+ gK
∫
∞
0
d3p
(2π)3
[
ωK +
~p2
3ωK
] 1
eβωK + 1
, (5)
where ωπ = {~p
2 +m2π}
1/2, ωK = {~p
2 +m2K}
1/2 are energies of pion and Kaon
and gπ = 3, gK = 4 are their respective degeneracy factors. Again the values of
s for hadronic matter will not be very far from its massless limit
sHM = (gπ + gK)
4π2
90
T 3 ≈ 3 T 3 . (6)
Now if we see the Lattice Quantum Chromo Dynamics (LQCD) data of s(T ),
which is pasted in Fig. 1(a) from Ref. [6], then one can notice that the data
points are located approximately between sQGP ≈ 20.8T
3 and sHM ≈ 3T
3.
This transition from massless non-interacting QGP to HM can be realized as
reduction of degeneracy factor from
[
gg+(gu+gs)
(
7
8
)]
≈ 47.5 to (gπ+gK) ≈ 7.
Hence, one can understand the smooth cross-over transition from QGP to HM
phase through smooth reduction of degeneracy factors of QGP system. To
execute this idea, temperature dependent factor g(T ) has first multiplied with
gq,s,g in thermodynamical quantities, given in Eqs. (1), (2), (3). Then, by
matching the LQCD data of s(T ), we can know the values of g(T ) at different
temperature. From Ref. [6], LQCD data points of s/T 3 vs T for eB = 0, 0.1,
0.2, 0.3, 0.4 GeV2 are re-plotted in Fig. 1(a), (b), (c), (d), (e) respectively, where
B is external magnetic field, applied to QGP. By matching those data points,
we find a parametric form
g(T ) = a0 −
a1
ea2(T−0.17) + a3
, (7)
where values of a0,1,2,3 for different eB’s are given in Tab. (2.1). These g(T ) for
different eB’s are plotted in Fig. 1(f), where we notice that g(T ) decreases as
one goes from QGP to HM temperature domain. On the other direction, when
3
Table 1: Different values of a0,1,2,3, given in Eq. (7) for different magnetic field
strengths
eB(GeV2) a0 a1 a2 a3
0.0 0.834334 0.122845 3.87082 -0.620074
0.1 0.751006 0.797544 21.6385 0.934298
0.2 0.743269 0.615513 21.2978 0.727439
0.3 0.786970 0.404290 12.8704 0.17983
0.4 0.864099 0.0778032 2.03964 -0.77928
we increase the magnetic field, g(T ) also increases. Hence, by reducing the
degeneracy factor of QGP with reducing the temperature and magnetic field,
one can properly map quark-hadron phase transition along temperature and
magnetic field axis. The curves of Fig. 1(f) or parametric Eq. (7) can provide a
g(T,B), which can nicely map the LQCD interaction at finite T and B.
2.2 Temperature dependent Fugacity
As an alternative way, let us follow the prescriptions, given by Chandra and
Ravisankar [47, 48, 49], where QCD interaction of quark-hadron phase transition
can be mapped via fugacity parameter. They introduced the fugacity parameter
Z in thermal distribution functions of u/d quark, s quark and gluon as
fq =
1
Z−1exp
(
β
√
~p2 +m2u
)
+ 1
(8)
fs =
1
Z−1exp
(
β
√
~p2 +m2s
)
+ 1
(9)
fg =
1
Z−1exp
(
β~p
)
− 1
, (10)
where Z is just to mimic the QCD interaction but nothing to link with quark or
gluon chemical potentials, which are absolutely kept zero. Again the LQCD data
of s(T ) for different eB’s are re-drawn red circles in Figs. 2(a)-(e). Then, they
are fitted (solid black lines) by assuming a temperature dependent expression
of fugacity Z(T ), given below
Z(T ) = a0 −
a1
ea2(T−0.17) + a3
, (11)
where values of a0,1,2,3 for different eB’s are given in Tab. (2.2). Fig. 2(f) dis-
plays different Z(T ) curves for different eB’s, which are quite similar with earlier
g(T ) curves in Fig. 1(f). So either by reducing fugacity or degeneracy factor
with reduction of temperature or/and magnetic field, one can transform a non-
interacting to interacting QGP system description and our obtained Z(T,B) or
g(T,B) can nicely map the T and B dependent QCD interaction, provided by
LQCD [6].
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Figure 1: Fitting curves (black solid line) and LQCD data points (red circles) for
normalized entropy density s/T 3 by parameterizing g(T ) at different magnetic
field strengths - (a) eB = 0, (b) 0.1, (c) 0.2, (d) 0.3 (e) 0.4 GeV2. Corresponding
g(T ) curves are plotted in (f).
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Figure 2: Fitting curves (black solid line) and LQCD data points (red circles) for
normalized entropy density s/T 3 by parameterizing Z(T ) at different magnetic
field strengths - (a) eB = 0, (b) 0.1, (c) 0.2, (d) 0.3 (e) 0.4 GeV2. Corresponding
Z(T ) curves are plotted in (f).
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Table 2: Different values of a0,1,2,3, given in Eq. (11) for different magnetic field
strengths
eB(GeV2) a0 a1 a2 a3
0.0 0.771754 0.827266 20.9686 0.896328
0.1 0.732537 0.724132 24.0142 0.885573
0.2 0.746782 0.621615 20.8287 0.721391
0.3 0.787496 0.406528 12.8632 0.178586
0.4 0.877607 0.059299 1.44603 -0.838512
3 Estimation of shear viscosity and electrical
conductivity of interacting QGP in presence
of magnetic field
In this section, we will see the role of QCD interaction in presence of magnetic
field on transport coefficients like shear viscosity and electrical conductivity,
where the interaction is mapped by quasi-particle description, discussed earlier
section. The details formalism of shear viscosity and electrical conductivity in
presence of magnetic field are derived in Appendix, given in Sec. (5).
In absence of magnetic field, medium follow isotropic transport properties,
for which we will get single component of shear viscosity (η) and electrical con-
ductivity (σ), but they become multi-component in presence of magnetic field.
We will get five component of shear viscosity components ηn (n = 0, 1, .., 4) and
three electrical conductivity components σn (n = 0, 1, 2), which can be classi-
fied into two main components normal and Hall coefficients. For shear viscosity,
η1,2 are normal and η3,4 are Hall in nature, while η0 is field independent com-
ponent, linked along field direction, Lorentz force remain handicap. Similarly,
for electrical conductivity, σ0 is normal and σ1 is Hall in nature, but σ2 create
σzz = σ0 + σ2 along the field direction, which remain field independent (i.e.
σzz ≈ σ). So let us focus on η2, η4 and σ0, σ1 only for our numerical discussion.
Getting guided from Sec. (5), let us first write the expressions of η and σ for
QGP system in absence of magnetic field:
η =
ggβ
15
∫
d3k
(2π)3
~k2τcf0(1 + f0) +
guβ
15
∫
d3k
(2π)3
~k4
(~k2 +m2u)
τcf0(1− f0)
+
gsβ
15
∫
d3k
(2π)3
~k4
(~k2 +m2s)
τcf0(1− f0) (12)
and
σ =
gue˜
2β
3
∫
d3k
(2π)3
~k2
(~k2 +m2u)
τcf0(1−f0)+
gse˜
2β
3
∫
d3k
(2π)3
~k2
(~k2 +m2s)
τcf0(1−f0) ,
(13)
where gue˜
2 = 12× 5e
2
9 , gse˜
2 = 12 × e
2
9 . Then, let us write the the expressions
of η2,4 and σ0,1 for QGP system in presence of magnetic field:
η2,4 =
ggβ
15
∫
d3k
(2π)3
~k2τcf0(1 + f0)
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Figure 3: Temperature and magnetic field dependence of Shear Viscosity
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Figure 4: Temperature and magnetic field dependence of Electrical Conductivity
+
guβ
15
∫
d3k
(2π)3
~k4
(~k2 +m2u)
τc
( (τc/τB)0,1
1 + (τc/τB)2
)
f0(1− f0)
+
gsβ
15
∫
d3k
(2π)3
~k4
(~k2 +m2s)
τc
( (τc/τB)0,1
1 + (τc/τB)2
)
f0(1− f0) (14)
and
σ0,1 =
gue˜
2β
3
∫
d3k
(2π)3
~k2
(~k2 +m2u)
τc
( (τc/τB)0,1
1 + (τc/τB)2
)
f0(1− f0)
+
gse˜
2β
3
∫
d3k
(2π)3
~k2
(~k2 +m2s)
τc
( (τc/τB)0,1
1 + (τc/τB)2
)
f0(1 − f0) . (15)
One can find the transformation from (η, σ) ∝ τc to (η2,4, σ0,1) ∝ τc
(
(τc/τB)
0,1
1+(τc/τB)2
)
,
which is basically quantifying the transition from isotropic to anisotropic matter.
The results Eqs. (12), (13) will be very close to their massless limit (mu,s →
0)
η =
[
gg +
(7
8
)
(gu + gs)
]4ζ(4)
5π2
τcT
4
σ = (gue˜
2 + gse˜
2)
ζ(2)
3π2
τcT
2 . (16)
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Figure 5: Collisional time (τc) dependence of shear viscosity to entropy density
ratio.
Hence, their normalized value η/(τcT
4) and σ/(τcT
2) look like straight horizon-
tal lines, shown by dotted lines in Figs. 3(a) and 4(a). Now, using Eqs. (14),
(15), we will get normal (dash line) and Hall (dash-double-dotted line) compo-
nents of shear viscosity η2,4 and electrical conductivity σ0,1 for non-interacting
QGP. One can see that by introducing external magnetic field, we get a reduced
value of transport coefficients. A more clear understanding can be received when
we plot those curves against magnetic field axis, as done in Figs. 3(b) and 4(b).
At B → 0, normal components (η2, σ0) of transport coefficients coincide with
their without field isotropic value (η, σ) and there will be no Hall components
(η4, σ1). As B becomes non-zero and increases Hall components also become
non-zero and grow up, whereas normal components are reduced. The B depen-
dence is hidden in τB = ω/(e˜B) and approximately [η2, σ0] ∝
1
1+(τc/τB)2
and
[η4, σ1] ∝
(τc/τB)
1+(τc/τB)2
functional dependence are reflected in in Figs. 3(b) and
4(b). Analyzing the Hall component anisotropic factor (τc/τB)1+(τc/τB)2 , we can get
peak its value around τB ≈ τc and then it can be reduced with B. This quali-
tative facts are well explored in Refs. [50, 51, 52]. One can notice that normal
components η2, σ0 get more reduction at low temperature and high magnetic
field. At eB = 10m2π and τc = 1 fm, we notice η2/η ≈ 0.8 − 0.5 (i.e. 20− 50%
reduction) and σ0/σ ≈ 0.6− 0.2 (i.e. 40− 80% reduction) for T ≈ 0.400− 0.130
GeV. Similarly near transition temperature, η2/η ≈ 0.75− 0.55 (i.e. 25 − 45%
reduction) and σ0/σ ≈ 0.55 − 0.35 (i.e. 45 − 65% reduction) within range of
external magnetic field eB ≈ 5− 10m2π.
Now let us come to the interaction picture of QGP, when it face external
magnetic field. By introducing T dependent degeneracy factor at different B,
given in Eq. (7) with tabulated parameter values, we have matched the LQCD
entropy density data in earlier Sec. (2.1). From there, we can get an approxi-
mated T , B dependent g, through which QCD interaction at finite magnetic field
has been mapped. Now using the same g(T,B) in Eqs. (14) and (15), we have
drawn dash-dotted and solid lines for normal and Hall components of transport
coefficients for interacting QGP. So, interaction creates a further suppression
in transport coefficients, which has again a certain T and B dependence. At
B = 0, T = 0.175 GeV and τc = 1 fm, interaction creates around 60% sup-
pression in normal components η2, σ0. At same T and τc, increasing magnetic
field to eB ≈ 5m2π, we get η2/η ≈ 0.3 (i.e. 70% reduction) and σ0/σ ≈ 0.2
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(i.e. 80% reduction) for interacting QGP. Hence, roughly we can say that 25%
reduction for magnetic field and next 50% reduction for interaction, we get to-
tal 75% reduction of shear viscosity normal component. Qualitatively, we can
conclude that external magnetic field and interaction both can be consider as
two dominating sources for reduction of transport coefficient values. Since, we
have found that g(T,B) and Z(T,B) provide us approximately same estimation
in transport coefficients, so we have not presented two separate estimations.
Let us now focus on famous dimensionless quantity - ratio between shear vis-
cosity and entropy density, which measure the fluid nature of the medium. From
experimental side, this quantity should be very close to KSS bound 1/(4π) [53],
which is drawn by red solid (horizontal) line in Fig. (5). With the help of
Eqs. (1), (2), (3) and Eqs. (12), (14), we have estimated η/s (dotted line), η2/s
(solid line), η4/s (dash line), which are plotted against τc-axis in Fig. (5). with-
out field case, ηs ∝ τc for all quarks and gluons but in presence of magnetic
field, η2s ∝
τc
1+(τc/τB)2
and η4s ∝
τ2c /τB
1+(τc/τB)2
for u, d, s quarks with unaffected
gluon component. Hence, the proportional curve of η/s is slightly bended due
to finite B as represented by η2,4/s curves. The bending is appeared to be mild
as gluon’s ∝ τc contribution is added with quark’s ∝
τc
1+(τc/τB)2
contribution.
Excluding gluon component, one can see that η2/s first increases and then de-
creases with τc, where their peak can be seen around τc ≈ τB. therefore, this
η2/s can cross the KSS line at two times in τc-axis. This fact is well explored
in Ref. [50].
Now, when we come to interaction picture, by using g(T,B) or Z(T,B) in
Eqs. (1), (2), (3) and Eqs. (12), (14), we have found interestingly the ratio of
viscosity to entropy density remain unchanged. It means that interaction con-
tribution in shear viscosity and entropy density are exactly canceled out. Hence,
non-interacting and interacting QGP will exhibit same fluid property. In other
word, shear viscosity can reduce due to magnetic field as well as interaction,
but shear viscosity to entropy density can reduce due to magnetic field only.
Interaction does not play any role in fluidity.
4 Summary
The present article is first aimed to build a quasi particle model, which can
map the complicated QCD interaction in a very simplified way. It is LQCD
simulation, which has provided the QCD interaction at finite temperature and
magnetic field by calculating thermodynamical quantities of QGP, which always
remain lower that the non-interacting thermodynamics of QGP. By introducing
temperature and magnetic field dependent degeneracy factors or fugacities of
quarks and gluons, we have matched LQCD data.
After building the quasi-particle model, we have applied it to calculate trans-
port coefficients like shear viscosity and electrical conductivity in presence of
magnetic field. Isotropic property of medium is generally broken due to mag-
netic field and hence, single component transport coefficient are splitted into
multi-components, which can be classified into two broad components - normal
and Hall transport coefficients. Former component monotonically decreases
with magnetic field but latter component follow little non-monotonic trend due
to competition between two time scales, originated from collision and magnetic
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field. Qualitatively, we find a over all suppression of transport coefficient be-
cause of magnetic field and then when we plug in the LQCD interaction, they
get further suppressions. In conclusion, external magnetic field and interac-
tion both can be responsible for reducing the transport coefficients of QGP, but
shear viscosity to entropy density ratio is reduced for magnetic field only as
interactions are canceled out in ratio.
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5 Appendix
5.1 Shear viscosity calculation in presence of magnetic
field
Let us consider a relativistic fermion/boson fluid, whose dissipative energy mo-
mentum tensor ∆Tµν due to shear stress is connected with velocity gradient-type
tensor
Uµν = D
µuν +Dνuµ +
2
3
∆µν∂σu
σ with
Dµ = ∂µ − uµuσ∂σ, ∆
µν = uµuν − gµν . (17)
via macroscopic relation
∆Tµν = ηµναβU
αβ , (18)
where ηµναβ is shear viscosity tensor, which is aimed to estimated microscopi-
cally in this section. Assuming fermion/boson equilibrium distribution function
f0 =
1
eβω ∓ 1
(19)
get deviation
δf = −φ
(∂f0
∂ω
)
= −A(kµkνU
µν)
(∂f0
∂ω
)
= A(kµkνU
µν)βf0(1∓ f0) , (20)
we can get microscopic expression of (dissipative) current density
Tµν = g
∫
d3k
(2π)3
kµkν
ω
δf
= gβ
∫
d3k
(2π)3
kµkν
ω
kαkβU
αβAf0(1∓ f0) , (21)
where ω = {~k2+m2}1/2 is energy and g is degeneracy factor of fermion/boson.
To determine unknown constant A, we use the relaxation time approximation
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(RTA) in Boltzmann equation,
∂f
∂t
+
∂xj
∂t
∂f
∂xj
+
∂kj
∂t
∂f
∂kj
= C[δf ]
∂f
∂t
+
kj
ω
∂f
∂xj
=
δf
τc
⇒ δf =
τc
ω
kµ∂µf0(∵
∂kj
∂t
= 0)
=
τc
ω
kµkνUµνβf0(1∓ f0) (22)
Comparing Eq. (22) and (20), one can identify the unknown constant
A =
τc
ω
(23)
After knowing A, the full connection between macroscopic Eq. (18) and micro-
scopic Eq. (21) can be written as
ηµναβU
αβ = ∆T µν = g
∫
d3k
(2π)3
kµkν
ω
δf
=
{
gβ
∫
d3k
(2π)3
kµkνkαkβ
ω2
τcf0(1∓ f0)
}
Uαβ
⇒ η =
gβ
15
∫
d3k
(2π)3
k4
ω2
τcf0(1∓ f0) , (24)
where we have used the identity
〈kαkβkγkδ〉 =
k4
15
(δαβδγδ + δαγδβδ + δαδδβγ) . (25)
The isotropic property of shear viscosity η does not hold in presence of magnetic
field. Instead of single η, we will get many component ηn, which mean that
different directional shear stress become different in presence of magnetic field.
Following the prescriptions of Ref. [16, 50], the dissipative part of the energy-
momentum tensor in presence of magnetic field B can be expressed as
∆Tαβ =
4∑
n=0
ηnV
n
αβ (26)
where ηn with n = 0, 1, 2, 3, 4 are five components of viscosities and the velocity
gradient-type tensor V nµν are taken same as addressed in Ref. [16, 17]:
V 0αβ = (3bαbβ − δαβ)(bγbδVγδ −
~∇.~v
3
) (27)
V 1αβ = 2Vαβ + δαβVγbγbδ − 2Vαγbγbβ − 2Vβγbγbα(bαbβ − δαβ)
~∇.~v
+bαbβVαδbγbδ (28)
V 2αβ = 2(Vαγbβbγ + Vβγbαbγ − 2bαbβVγδbγbδ) (29)
V 3αβ = Vαγbβγ + Vβγbαγ − Vγδbαγbβbδ − Vγδbβγbαbδ (30)
V 4αβ = 2(Vγδbαγbβbδ + Vγδbβγbαbδ) (31)
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with bα = Bα/B, bαβ = ǫαβµB
µ/B, Vαβ =
1
2
[
∂uα
∂xβ
+
∂uβ
∂xα
]
. Let us assume our
deviation δf from equilibrium accordingly:
δf = −φ
(∂f0
∂ω
)
= −
4∑
n=0
An(kµkνU
µν
n )
(∂f0
∂ω
)
=
4∑
n=0
An(kµkνU
µν
n )βf0(1∓ f0) , (32)
To determine unknown constant A, we use the relaxation time approximation
(RTA) in relativistic Boltzmann equation (RBE) at finite B,
∂f
∂t
+
∂xj
∂t
∂f
∂xj
+
∂kj
∂t
∂f
∂kj
= C[δf ]
1
ω
kµ∂µf0 +
e˜B
ω
bαβkβ
∂(δf)
∂kα
=
δf
τc
, (33)
where force term in RBE can not contribute with f0, therefore, we have to
proceed for δf order contribution. In other way, magnetic relaxation time τB =
ω/(e˜B) along with collisional relaxation time τc are responsible for deviation
δf . Now, by using Eq. (32) in (33), we get
1
ω
kαkβVαβ{βf0(1∓ f0)}+
bαβkβ
τB
( 4∑
n=0
AnV
n
αγkγ
)
{βf0(1∓ f0)}
= −
1
τc
4∑
n=0
AnV
n
γδkγkδ{βf0(1∓ f0)} (34)
Using some identities [16, 17, 50] and then compare the tensor structures on
both sides to obtain An as follows
A1 =
τc
ω
1
4(1 +
τ2c
τ2
B
)
(35)
A2 =
τc
ω
1
(1 +
τ2c
τ2
B
)
(36)
A3 =
τc
ω
( τcτB )
2(1/4 +
τ2c
τ2
B
)
(37)
A4 =
τc
ω
( τcτB )
(1 +
τ2c
τ2
B
)
(38)
(39)
Putting the An’s in the expression for ηn we get
η1 =
gβ
15
∫
d3~k
(2π)3
~k4
ω2
τc
4(14 +
τ2c
τ2
B
)
f0(1 ∓ f0) (40)
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η2 =
gβ
15
∫
d3~k
(2π)3
~k4
ω2
τc
(1 +
τ2c
τ2
B
)
f0(1∓ f0) (41)
η3 =
gβ
15
∫
d3~k
(2π)3
~k4
ω2
τc(
τc
τB
)
2(1/4 +
τ2c
τ2
B
)
f0(1∓ f0) (42)
η4 =
gβ
15
∫
d3~k
(2π)3
~k4
ω2
τc(
τc
τB
)
(1 +
τ2c
τ2
B
)
f0(1∓ f0) (43)
(44)
Here η1,2 and η3,4 can be called as normal and Hall shear viscosity as they are
merged isotropic value η and 0 respectively at B → 0.
5.2 Electrical conductivity calculation in presence of mag-
netic field
Let us consider a relativistic fermion/boson fluid, carrying dissipative current
density Ji due to electric field E
j and they are connected via macroscopic Ohm’s
law
Ji = σijE
j , (45)
where σij is conductivity tensor, which is aimed to estimated microscopically in
this section. Assuming fermion/boson equilibrium distribution function
f0 =
1
eβω ∓ 1
(46)
get deviation
δf = −φ
(∂f0
∂ω
)
= −α(kjE
j)
(∂f0
∂ω
)
= α(kjE
j)βf0(1 ∓ f0) , (47)
we can get microscopic expression of (dissipative) current density
Ji = ge˜
∫
d3k
(2π)3
ki
ω
δf
= ge˜β
∫
d3k
(2π)3
kikj
ω
αf0(1∓ f0) , (48)
where e˜ is electric charge, ω = {~k2+m2}1/2 is energy and g is degeneracy factor
(excluding charge-flavor degeneracy) of fermion/boson. To determine unknown
constant α, we use the Boltzmann equation,
∂f
∂t
+
∂xj
∂t
∂f
∂xj
+
dkj
dt
∂f
∂kj
= C[δf ] . (49)
In the electric-charge-transport picture, the external electric field is responsible
to make the system deviate from equilibrium. Hence electric force −e˜Ej =
dkj
dt
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will build the deviation δf and in relaxation time approximation (RTA), we may
assume C[δf ] = −δf/τc, where τc is the relaxation time, required for the system
to approach from non-equilibrium to equilibrium state. So, Eq. (49) becomes
−e˜Ej
∂f0
∂kj
= −δf/τc
⇒ δf = τce˜Ej
( ∂ω
∂kj
)[∂f0
∂ω
]
= τce˜Ej
(kj
ω
)
[βf0(1 ∓ f0)] (50)
comparing Eq. (50) and (47), one can identify the unknown constant
α =
e˜τc
ω
(51)
After knowing α, the full connection between macroscopic Eq. (45) and micro-
scopic Eq. (48) can be written as
σijEj = J
i
D = ge˜
∫
d3k
(2π)3
ki
ω
δf
=
{
ge˜2β
∫
d3k
(2π)3
kikj
ω2
τcf0(1∓ f0)
}
Ej
⇒ σij = ge˜2β
∫
d3k
(2π)3
τc
kikj
ω2
f0(1∓ f0)
⇒ σ =
1
3
ge˜2β
∫
d3k
(2π)3
τc
~k2
ω2
f0(1∓ f0) . (52)
Next, we will proceed to derive the electrical conductivity in presence of
magnetic field B, which is well addressed in Ref. [21]. Here, force term becomes
d~k
dt = −e˜(
~E + ~v × ~B) and so, the Boltzmann equation (49) becomes
−e˜( ~E +
~k
ω
× ~B) · ∇kf0 = C[δf ]
−e˜( ~E +
~k
ω
× ~B) ·
(~k
ω
)∂f0
∂ω
=
−δf
τc
. (53)
Since the second term of left had side is only magnetic field dependent term and
it will be vanished (following vector identity (~k× ~B) ·~k = ~B· (~k×~k) = 0), so we
consider the ∇k(δf) term also
−e˜ ~E ·
(~k
ω
)∂f0
∂ω
− e˜(
~k
ω
× ~B) · ∇k(δf) = −δf/τc , (54)
where we assume δf = −φ∂f0∂ω with φ =
~k · ~F and ~F = (αeˆ + βhˆ+ γ(eˆ× hˆ)), eˆ
and hˆ are unit vector along electric and magnetic field directions. Since
(
~k
ω
× ~B) · ∇k(δf) = −(
~k
ω
× ~B) · ∇k(~k · ~F )
∂f0
∂ω
= −(
~k
ω
× ~B) · ~F )
∂f0
∂ω
= −
~k
ω
· ( ~B × ~F )
∂f0
∂ω
, (55)
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so Eq. (54) becomes
(~k
ω
)
·
[
− e˜ ~E + e˜( ~B × ~F )
]
= ~k · ~F/τc ,
1
ω
[
− e˜Eeˆ+ e˜Bhˆ× (αeˆ + βhˆ+ γ(eˆ× hˆ))
]
= (αeˆ + βhˆ+ γ(eˆ× hˆ))/τc(
−
τce˜E
ω
)
eˆ −
(τce˜Bα
ω
)
(eˆ× hˆ) +
(τce˜Bγ
ω
)
{eˆ− (eˆ · hˆ)hˆ} = (αeˆ + βhˆ+ γ(eˆ× hˆ))(56)
Equating the coefficients of eˆ, hˆ and (eˆ× hˆ) of Eq. (56), we get
(−τce˜E
ω
+
τcγ
τB
)
= α
(τcγ
τB
)
(eˆ · hˆ) = β
−
(τcα
τB
)
= γ , (57)
where τB = ω/(eB) is inverse of synchrotron frequency. Solving them, we get
α =
(
−e˜Eτc
ω
)
1
1 + (τc/τB)2
β = (eˆ · hˆ)(τc/τB)
2α =
(
−e˜Eτc
ω
)
(eˆ · hˆ)
(τc/τB)
2
1 + (τc/τB)2
γ = (−τc/τB)α =
(
e˜Eτc
ω
)
(τc/τB)
1 + (τc/τB)2
. (58)
In terms of these coefficients, now we can write
φ =
eτc
1 + (τc/τB)2
ki
ω
{δij − (τc/τB)ǫijkhk + (τc/τB)
2hihj}E
j . (59)
Now, the connection between Eqs. (45) and (48) becomes
σijEj = J
i
D
= ge˜
∫
d3k
(2π)3
ki
ω
δf
= ge˜β
∫
d3k
(2π)3
ki
ω
φf0(1 ∓ f0) , [since δf = −φ
∂f0
∂ω
= φβf0(1∓ f0)]
⇒ σij = δijσ0 − ǫ
ijkhkσ1 + h
ihjσ2 , (60)
where
σn = ge˜
2β
3
∫
d3k
(2π)3
τ
k2
ω2
τc(τc/τB)
n
1 + (τc/τB)2
f0(1 ∓ f0) . (61)
If we consider hˆ in z direction, then conductivity matrix elements will be σxx =
σyy = σ0, σ
xy = −σyx = −σ1, σ
zz = σ0 + σ2 and remaining are zero.
References
[1] T.Vachaspati, Phys. Lett. B 265 (1991) 258–261.
16
[2] R. C. Duncan and C. Thompson, Astrophys. J. 392 (1992) L9.
[3] I. A. Shovkovy, Lect. Notes Phys. 871, 13 (2013), arXiv:1207.5081 [hep-ph].
[4] Kenji Fukushima, Dmitri E. Kharzeev, Harmen J. Warringa, Phys. Rev. D
78 074033 [arXiv:0808.3382 [hep-ph]]
[5] G.S. Bali, F. Bruckmann, G. Endrodi, Z. Fodor, S.D. Katz, and A. Schafer,
Phys. Rev. D 86, 071502(R), 2012.
[6] G.S. Bali, F. Bruckmann, G. Endrodi, S.D. Katz, A. Schafer, J. High Energ.
Phys. 1408 (2014) 177.
[7] K. Tuchin, Adv. High Energy Phys. 2013, 490495 (2013)
doi:10.1155/2013/490495 [arXiv:1301.0099 [hep-ph]].
[8] W. T. Deng and X. G. Huang, Phys. Rev. C 85, 044907 (2012)
doi:10.1103/PhysRevC.85.044907 [arXiv:1201.5108 [nucl-th]].
[9] D. Satow, Phys. Rev. D 90, no. 3, 034018 (2014)
doi:10.1103/PhysRevD.90.034018 [arXiv:1406.7032 [hep-ph]].
[10] V. Skokov, A. Illarionov and V. Toneev, Int. J. Mod. Phys. A 24, 5925
(2009)
[11] V. Roy, S. Pu, L. Rezzolla and D. Rischke, Phys. Lett. B 750, 45 (2015)
doi:10.1016/j.physletb.2015.08.046 [arXiv:1506.06620 [nucl-th]].
[12] S. Pu, V. Roy, L. Rezzolla and D. H. Rischke, Phys. Rev. D 93, no. 7,
074022 (2016) doi:10.1103/PhysRevD.93.074022 [arXiv:1602.04953 [nucl-
th]].
[13] M. Hongo, Y. Hirono and T. Hirano, arXiv:1309.2823 [nucl-th].
[14] G. Inghirami, L. Del Zanna, A. Beraudo, M. H. Moghaddam, F. Be-
cattini and M. Bleicher, Eur. Phys. J. C 76, no. 12, 659 (2016)
doi:10.1140/epjc/s10052-016-4516-8 [arXiv:1609.03042 [hep-ph]].
[15] S. K. Das, S. Plumari, S. Chatterjee, J. Alam, F. Scardina and
V. Greco, Phys. Lett. B 768, 260 (2017) doi:10.1016/j.physletb.2017.02.046
[arXiv:1608.02231 [nucl-th]].
[16] E.M. Lifshitz and L.P. Pitaevskii, 1987 Physical kinetics, Pergamon Press,
U.K.
[17] K. Tuchin, J. Phys. G: Nucl. Part. Phys. 39 (2012) 025010.
[18] S. Li, H-U Yee, Shear Viscosity of Quark-Gluon Plasma in Weak Magnetic
Field in Perturbative QCD: Leading Log Phys. Rev. D 97, 056024 (2018).
[19] P. Mohanty, A. Dash, V. Roy, Eur. Phys. J. A 55 (2019) 35.
[20] S. Ghosh, B. Chatterjee, P. Mohanty, A. Mukharjee, H. Mishra,
aXiv:1804.00812 [hep-ph].
[21] A. Harutyunyan and A. Sedrakian, Phys. Rev. C 94, no. 2, 025805 (2016)
doi:10.1103/PhysRevC.94.025805 [arXiv:1605.07612 [astro-ph.HE]].
17
[22] B. O. Kerbikov and M. A. Andreichikov, Phys. Rev. D 91, no. 7, 074010
(2015) doi:10.1103/PhysRevD.91.074010 [arXiv:1410.3413 [hep-ph]].
[23] S. i. Nam, Phys. Rev. D 86, 033014 (2012)
doi:10.1103/PhysRevD.86.033014 [arXiv:1207.3172 [hep-ph]].
[24] X. G. Huang, A. Sedrakian and D. H. Rischke, Annals Phys. 326, 3075
(2011) doi:10.1016/j.aop.2011.08.001 [arXiv:1108.0602 [astro-ph.HE]].
[25] K. Hattori, S. Li, D. Satow and H. U. Yee, Phys. Rev. D 95, no. 7, 076008
(2017) doi:10.1103/PhysRevD.95.076008 [arXiv:1610.06839 [hep-ph]].
[26] M. Kurian, S. Mitra, S. Ghosh, V. Chandra, Transport coefficients of hot
magnetized QCD matter beyond the lowest Landau level approximation Eur.
Phys. J. C 79 (2019) 134.
[27] M. Kurian, V. Chandra, Effective description of hot QCD medium in
strong magnetic field and longitudinal conductivity Phys. Rev. D 96 (2017)
114026.
[28] B. Feng, Electric conductivity and Hall conductivity of the QGP in a mag-
netic field Phys. Rev. D 96, 036009 (2017).
[29] K. Fukushima, Y. Hidaka, Electric conductivity of hot and dense quark mat-
ter in a magnetic field with Landau level resummation via kinetic equations
Phys. Rev. Lett. 120, 162301 (2018).
[30] A. Das, H. Mishra, R. K. Mohapatra, Electrical conductivity and Hall con-
ductivity of a hot and dense hadron gas in a magnetic field: A relaxation
time approach Phys.Rev. D 99 (2019) 094031.
[31] A. Das, H. Mishra, R. K. Mohapatra Electrical conductivity and Hall con-
ductivity of hot and dense quark gluon plasma in a magnetic field: a quasi
particle approach arXiv:1907.05298 [hep-ph].
[32] K. Hattori, X. G. Huang, D. H. Rischke and D. Satow, Bulk Viscosity of
Quark-Gluon Plasma in Strong Magnetic Fields arXiv:1708.00515 [hep-ph].
[33] X-G Huang, M. Huang, D. H. Rischke, A. Sedrakian, Anisotropic hydro-
dynamics, bulk viscosities, and r-modes of strange quark stars with strong
magnetic fields Phys. Rev. D 81, 045015 (2010).
[34] N.O. Agasian, Phys. Atom. Nucl. 76 (2013) 1382.
[35] N.O. Agasian, JETP Lett. 95 (2012) 171.
[36] M. Kurian, V. Chandra, Bulk viscosity of a hot QCD medium in a strong
magnetic field within the relaxation-time approximation Phys. Rev. D 97
(2018) 116008.
[37] M. Kurian, S. K. Das, V. Chandra Heavy quark dynamics in a hot magne-
tized QCD medium arXiv:1907.09556 [nucl-th].
[38] B. Singh, L. Thakur, H. Mishra Heavy quark complex potential in a strongly
magnetized hot QGP medium Phys. Rev. D 97 (2018) 096011.
18
[39] Mark I. Gorenstein, Shin Nan Yang, Gluon plasma with a medium-
dependent dispersion relation, Phys. Rev. D 52, 5206 (1995).
[40] A.Peshier, B.Kampfer, O.P. Pavlenko, G. Soff, Massive quasiparticle model
of the SU(3) gluon plasma Phys. Rev. D 54 (1996)
[41] P. Levai and U. W. Heinz, Massive gluons and quarks and the equation of
state obtained from SU(3) lattice QCD Phys. Rev. C 57, 1879 (1998).
[42] M. Bluhm, B. Ka¨mpfer, and G. Soff, The QCD equation of state near Tc
within a quasi-particle model Phys. Lett. B 620, 131 (2005).
[43] V.M. Bannur, Self-consistent quasiparticle model for quark-gluon plasma
Phys. Rev. C 75, 044905 (2007).
[44] Salvatore Plumari, Wanda M. Alberico, Vincenzo Greco, Claudia Ratti,
Recent thermodynamic results from lattice QCD analyzed within a quasi-
particle model Phys. Rev. 84, 094004 (2011).
[45] P. N. Meisinger, M. C. Ogilvie, and T. R. Miller, Gluon Quasiparticles and
the Polyakov Loop Phys. Lett. B 585, 149 (2004).
[46] M. Ruggieri, P. Alba, P. Castorina, S. Plumari, C. Ratti, V. Greco,
Polyakov loop and gluon quasiparticles in Yang-Mills thermodynamics
Phys. Rev. D 86, 054007 (2012).
[47] V. Chandra, R. Kumar, V. Ravishankar, Hot QCD equations of state and
relativistic heavy ion collisions Phys. Rev. C 76 (2007) 054909.
[48] Vinod Chandra, V. Ravishankar, Quasi-particle model for lattice QCD:
Quark-gluon plasma in heavy ion collisions , Eur. Phys. J. C 64 (2009) 63.
[49] V. Chandra, V. Ravishankar, A quasi-particle description of (2+1)- flavor
lattice QCD equation of state Phys. Rev. D 84, 074013 (2011).
[50] J Dey, S. Satapathy, P. Murmu, S. Ghosh arXiv:1907.11164 [hep-ph].
[51] S. Ghosh, B. Chatterjee, P. Mohanty, A. Mukharjee, H. Mishra Perfect fluid
nature in weakly-interacting magnetized quark matter, accepted in Phys.
Rev. D, arXiv:1804.00812 [hep-ph].
[52] S. Ghosh, A. Bandyopadhyay, R.L.S. Farias, J. Dey, G. Krein, NJL model
estimation of anisotropic electrical conductivity for quark matter in pres-
ence of magnetic field, work in progress.
[53] P. Kovtun, D.T. Son, A.O. Starinets, Phys. Rev. Lett. 94 (2005) 111601.
19
